This work investigates the effects of combined variable viscosity and thermal conductivity, nonlinear radiation and non-Darcian porous medium on a boundary layer MHD Casson nanofluid flow over a vertical flat plate with convective heating and velocity slip boundary conditions. The governing transport nonlinear partial differential equations and the boundary conditions are non-dimensionalized. The resulting system of coupled partial differential equations is then reduced to a set of coupled nonlinear ordinary differential equations using similarity transformation. Galerkin weighted residual method (GWRM) is then employed to solve the resulting set of equations. Numerical results are obtained for dimensionless velocity, temperature and nanoparticle volume fraction (nanoparticle concentration). It is found that the velocity increases, while both temperature and nanoparticle volume fraction decrease with increased values of variable thermal conductivity and viscosity. Comparisons are carried out with published data in the literature thereby validating the numerical results. An excellent agreement is observed. Furthermore, this present study can find applications in the process involving nanofluid operations.
Introduction
In the past several decades, the study of non-Newtonian fluids model has gained a lot of attention due to its applications in industries and engineering such as petroleum industry, aerodynamic heating, paper production, coating and polymer processing, hot rolling and so forth. Some materials such as mud, blood, paint, polymers solutions exhibit non-Newtonian fluid characteristics. However, no single model in literature describes all the properties of non-Newtonian fluid due to the complexity of its physical nature. Casson fluid is one of the examples of non-Newtonian fluids. It is a type of non-Newtonian fluid that behaves like an elastic solid. Casson model constitutes a fluid model that exhibits shear thinning characteristics, yield stress and high shear viscosity [1] . Saidulu and Venkata [2] used numerical method (Keller box method) to study the effect of slip on MHD flow of a Casson fluid over an exponentially stretching sheet in the presence of thermal radiation, heat source/sink, and chemical reaction. It was found that the temperature and concentration profile increase when the Casson parameter increases, but the reverse was the case for the velocity profile. Unsteady MHD slip flow of a Casson fluid due to a stretching sheet with suction or blowing effect was analyzed by Mahdi [3] . It was observed and concentration profile. Gireesha et al. [7] discussed MHD flow of nonlinear radiative heat transfer of a Casson nanofluid past a nonlinearly stretching sheet in the presence of chemical reaction. The effect of a porous medium is not put into consideration. It is discovered that the Casson parameter tends to control the fluid flow and the nonlinear thermal radiation enhances the thermal boundary layer thickness. Arshad et al. [8] used Laplace transform method to examine MHD flow of sodium Alginate-Based Casson nanofluid passing through a porous medium with Newtonian heating. Darcian porous medium, as well as Rosseland linear radiation terms, are considered, while viscous dissipation term is neglected. From their results, it was observed that both the velocity and temperature profiles of the fluid are decreasing with increasing nanoparticle volume fraction.
In the aforementioned studies, the fluid viscosity and thermal conductivity were assumed constant. However, the physical properties of fluids may change significantly when exposed to temperature. For the fluids, which are important in the theory of lubrication, the heat generated by the internal friction and the corresponding rise in temperature does affect the viscosity and thermal conductivity of the fluid [9] . According to Batchelor [10] , Anyakoha [11] and Meyers et al. [12] , the viscosity and thermal conductivity are most sensitive to temperature rises. The increase of temperature leads to a local increase in the transport phenomena by reducing the viscosity across the momentum boundary layer and also the heat transfer rate at the wall is also affected greatly [1] . Due to the above facts, the fluid viscosity and thermal conductivity can no longer be assumed to be constant. Afify and Bazid [13] adopted Dybbs [14] and Chiam [15] models for temperature dependent viscosity and thermal conductivity respectively to study the effect of variable properties on the natural convective boundary layer flow of a nanofluid past a vertical plate. It was discovered that an increase in variable viscosity parameter leads to a decrease in Nusselt and Sherwood numbers whereas opposite results were obtained for the Skin-friction.
Jawali et al. [9] analyzed the combined effect of variable viscosity and thermal conductivity on free convection flow of a viscous fluid in a vertical channel. He used Attia's [16] model for both temperature dependent viscosity and thermal conductivity. It was found that the fluid flow and heat transfer increase as the variable viscosity parameter increases, while an increase in variable thermal conductivity reduces both the heat transfer and the fluid flow. Bagai and Nishad [17] used numerical method (i.e. shooting method) to study the effect of temperature dependent viscosity on natural convective boundary layer flow over a horizontal plate embedded in a nanofluid saturated porous medium. The viscosity of the fluid is assumed to vary exponentially with temperature. The thermal conductivity was assumed constant and radiation term is neglected. It was observed that the heat and mass transfer rate increase as the viscosity parameter increases. Casson fluid flow with variable thermo-physical properties along exponentially stretching sheet with suction and exponentially decaying internal heat generation using the homotopy analysis method (HAM) was studied by Animasaun et al. [18] . However, the radiation term used was linear and the effect of porosity was not put into consideration. Also, only Casson fluid, as opposed to Casson nanofluid, was studied in this work. They found that an increase in the variable plastic dynamic viscosity parameter of Casson fluid leads to an increase in velocity profile and a decrease in temperature profile throughout the boundary layer.
Heat carrier fluids (e.g. water, mineral oil, ethylene glycol, etc.) are very useful in industrial sectors such as power generation, chemical production, microelectronics, air conditions, etc. However, the performance of these fluids is limited, in themselves, due to their low thermal conductivities which obstruct their applications in heat exchangers. Thus there is a need to increase their thermal conductivity by, for example, introducing nanoparticles into them.
Motivated by the high demand, in these modern days, of heat carrier fluids with high thermal conductivity by the engineers and scientists for intensification and miniaturization, attention is focused, in this present study, on the influence of fluid properties on Casson nanofluid (as opposed to Casson fluid). Interestingly, it is noted from the above reviewed literature that the study under consideration on Casson nanofluid with variable properties, radiation, and a porous medium has not been carried out. Hence, the main goal of the present work is to address the lack of research in this direction. Therefore, the effects of a non-Darcian porous medium, nonlinear radiation as well as temperature dependent thermal conductivity and viscosity (which are, from a practical point of view, very important but ignored in the previous works) on the flow of Casson nanofluid are examined. The emerging governing equations of the problem are highly nonlinear partial differential equations which according to literature survey may be solved using finite element method, the Laplace transformation, perturbation technique, finite different approach, homotopy perturbation technique, Haar wavelets scheme method [19] and Runge-Kutta Fehiberg method.
However, in this study, the equations governing the flow are first simplified to a set of coupled systems of nonlinear ordinary differential equations. These are then solved using Galerkin weighted residual method (GWRM). This technique is a powerful method for the computation of solutions to nonlinear boundary value problems. It consists of the following three major steps: namely (i) The unknown dependent functions in the differential equations are firstly assumed as linear combinations of shape or trial functions with unknown coefficients (ii) These assumed solutions are then inserted into the governing equations yielding residuals or errors (iii) The errors are then forced to become as small as possible using some weight functions thereby obtaining the unknown coefficients. The main features which make this technique (GWRM) attractive are (a) its simplicity in handling boundary value problems involving semi-infinite domain, (b) its high accuracy, effectiveness and rapid convergence and (c) the fact that the associated domain within zero and infinity (0, ∞) is minimized directly without division.
The rest of the article is organized as follows. The mathematical formulation of the problem is presented in the next section. Section 3 deals with the concept of Galerkin weighted residual method and its application in solving the present nonlinear boundary value problems. In section 4, the obtained numerical results are presented graphically and discussed. Concluding remarks are given in the last section.
Problem formulation
In Fig. 1 (i, stands for the momentum boundary layer, while ii, stands for both thermal and nanoparticle volume fraction boundary layers) below, the two-dimensional steady laminar natural convective flow of viscous electrically conducting incompressible Casson nanofluid over a vertical flat plate is considered. All the properties of the fluid are assumed to be constant except the density, viscosity and thermal conductivity of the fluid.
It is assumed that the surface of the plate is subjected to convective heating with temperature . is the distance along with the plate, while is the distance perpendicular to the plate. A local magnetic field ( ) is assumed to be placed in a transverse direction to the fluid flow. The fluid temperature and nanoparticle volume fraction (concentration) are denoted by and respectively. It is also assumed that the induced magnetic field is neglected as a result of small magnetic Reynolds number. The nanoparticle volume fraction at the wall is taken as while the temperature and nanoparticle volume fraction far from the wall are denoted by ∞ and ∞ respectively. The rheological equations of an isotropic and incompressible flow of a Casson fluid can be written as (Rao et al. [20] , Animasaun [1])
where is the component of stress tensor, is the fluid yield stress, is the plastic dynamic viscosity of the non Newtonian fluid, is Casson parameter,
is the rate of strain tensor, = is the product of rate of strain tensor with itself, is the critical value of the product of rate of strain tensor with itself. Some fluids require a gradually increasing shear stress to maintain a constant strain rate, such fluids are called Rheopetic. For Casson fluid flow > . The dynamic viscosity is defined as
Substituting equation (2) into equation (3) we obtain the kinematic viscosity as
The velocity of the fluid in and directions is denoted by and respectively. The buoyancy effect sets in as a result of temperature and concentration gradient between the plate surface and the fluid. Following the above assumptions, Boussinesq and boundary layer approximation, the equations governing the Casson nanofluid flow are written as ( [6] , [21] and [22] ) + = 0 (5)
subjected to the following appropriate boundary conditions
The term representing joule heating which is supposed to be in the energy equation is assumed to be neglected since it is very small in slow motion natural convective flow considered in this problem. 0 is the volumetric thermal expansion coefficient, = ( ) ( ) is the ratio of nanoparticle heat capacity to the base fluid heat capacity, is the density of the base fluid, ( ) is the temperature dependent dynamic viscosity of Casson fluid, ( ) is the temperature dependent thermal conductivity, = 0 is the variable electric conductivity, 0 is the constant electric conductivity, ( ) = 0 1 2 is the local magnetic field, 0 is the constant magnetic field, is the density of nanoparticle, is the acceleration due to gravity, is the permeability of the porous medium,
is the thermophoresis diffusion coefficient. Radiative heat flux is considered by assuming that the fluid is gray, radiatively absorbing and emitting but non-scattering [21] . The radiative heat flux follows Rosseland approximation and is given as
where 1 is the Stefan-Boltzmann constant, and 1 is the Rosseland mean absorption coefficient. The assumed variable plastic dynamic viscosity and thermal conductivity used for the non-Newtonian fluid are [9] ( ) = * − * ( − ∞ ) and ( ) = * − ( − ∞ )
Thermal conductivity varies linearly with temperature in the range of 0 to 400 F [23] . Therefore, variable thermal conductivity is approximated as
where * is the constant value of the coefficient of viscosity far from the plate, * is the constant value of the coefficient of thermal conductivity far from the plate, * and are the empirical constants. The constants * and (0 < * , << 1) may be positive values for fluids and negative values for gases [24] .
Using the following boundary layer variables
and the stream function defined as = and = − in equations (5)-(9), we obtained the following dimensionless equations:
with the corresponding dimensionless boundary conditions
(1 − ),
In equation (13) 
were also introduced in equations (14)- (17) to obtain
with boundary conditions
We denoted similarity independent variable by , dimensionless velocity, temperature and nanoparticle volume fraction functions by ( ), ( ) and ( ) respectively, the heat transfer coefficient constant factor by (ℎ ) , the velocity slip constant factor by ( 1 ) , the constant permeability of the porous media by ( ) and the constant inertial Forchheimer coefficient by ( * ) . Further more, in equation (19)-(22), the prime symbol stands for ordinary differentiation with respect to ,
is Darcy number, = is Biot number, = 0 2 0 is the Magnetic Field parameter, = * ( − ∞ ) is the variable viscosity parameter and = ( − ∞ ) is the variable thermal conductivity parameter.
Variable Prandtl number
It is remarked that Prandtl number is a function of specific heat, viscosity, and thermal conductivity. Since the thermal conductivity and viscosity vary across the boundary layer, the Prandtl number varies as well. According to Pantokratoras [25] , Rahman et al. [26] and Mohammad et al. [27] , the assumption of constant Prandtl number inside the boundary layer when the viscosity and thermal conductivity are temperature dependent leads to an unrealistic result. Prandtl number is therefore represented in this present work as
Using equation (23) in equations (19) and (20), non dimensionless velocity and temperature equations with variable Prandtl number (Pr) becomes, respectively
and
It is noted in equation (23) that when and are set to zero, the ambient Prandtl number (Pr ∞ ) equals to variable Prandtl number ( ), therefore equations (24) and (25) reduce to equations (19) and (20) . Also, when → ∞, ∞ = irrespective of the values of and .
Nusselt and Shewood numbers
The quantities which are of the engineering interest in this study are Nusselt number ( ) and Sherwood number ( ℎ ) and these are defined as [21] =
Using equations (12), (13) and (18) 
where = (1− ∞ ) 0 ( − ∞ ) 3 * * is the local Rayleigh number.
Galerkin weighted residual method
Galerkin weighted residual method (GWRM) is employed to solve the above governing differential equations (21) , (24) and (25) with the associated boundary conditions (22) .
The techniques of GWRM is to seek an approximate solution to a differential equation of the form
where ( ) is the unknown dependent variable, ( ) is the independent function in domain and is the differential operator. An approximate solution
is assumed in such a way that it satisfies the given boundary conditions. Substituting eqn. Since the boundary condition ranges from zero to infinity, the Gauss-Laguerre formula (see section 3.1) is used to integrate each of the equations in (31) thereby obtaining a system of algebraic equations. The values of are obtained by solving the resulting algebraic equations.
The Gauss-Laguerre formula
Gauss-Laguerre formula is applied as follows [28] :
where the coefficients are defined as [29] 
and are the zeroes of the th Laguerre polynomial = ( − ).
(34) For = 10, for example, Table 1 shows the values of and corresponding values of .
Application of the GWRM to the present problem
By using Galerkin weighted residual method, the following trial solutions are assumed for ( ), ( ) and ( ) as follows [28] The boundary conditions at infinity in equation (22) are satisfied automatically. Substituting equation (35) into equations (21) , (24) and (25) resulted in a residual functions ( , , , ), ( , , , ), ( , , , ) for = 0, 1, ⋯ , 15, = 1, 2, ⋯ , 15. We first minimize the residual errors by setting the integral of the product of residual func- . These algebraic equations are then solved using computer assisted symbolic package MATHEMATICA to obtain the values of constants , and .
Results and discussion
This section deals with the analysis of the effects of various parameters on the fluid flow. The values ( [1] , [21] and [30] ) of the parameters ( = 1, = 0.1, = 0.1, = 0.1, = 6.8, = 0.1, = 10, = 0.1, = 10, = 2, = 0.5, = 0.5, = 0.01, = 0.3, = 1 and = 0.5) are kept unchanged throughout the study unless otherwise stated. The graph of the residual functions ( ), ( ) and ( ) are shown in Fig. 2 . It is seen that the residuals are minimized in the domain (0 to ∞). To ascertain the accuracy of our method, the present results of rate of heat transfer (− ′ (0)) are compared with those of Uddin et al. [22] in Table 2 . An excellent agreement is observed. Also, a simulation is provided to see the efficiency of the used method. This is carried out by comparing the graphical results of dimensionless velocity, temperature and nanoparticle volume fraction (see Figs. 3, 4 and 5) obtained using Galerkin weighted residual method (GWRM) and spec-tral collocation method (SCM). An excellent agreement is observed in each of the cases. Figs. 6a-6c show the effects of velocity slip, variable thermal conductivity and viscosity parameters on the dimensionless velocity, temperature and nanoparticle volume fraction (nanoparticle concentration). It is found that the fluid velocity is an increasing function of velocity slip parameter ( ) (see Fig. 6a ). This is perhaps because when velocity slip occurs, the fluid particles move away from the plate and this leads to the reduction of shear force which in turn accelerates the nanofluid velocity. On the other hand, the corresponding temperature and nanoparticle volume fraction are reducing functions of velocity slip parameter ( ) (see Figs. 6b and 6c) . It is also observed that an increase in fluid variable physical properties ( and ) leads to an increase in the dimensionless fluid flow (see Fig. 6a ), while reduces both dimensionless temperature and nanoparticle volume fraction (see Figs. 6b and 6c ). This may happen as a result of an increase in and which tends to an increase in temperature difference ( − ∞ ) thereby weakening Casson fluid bond and reducing the strength of Casson plastic dynamic viscosity.
Figs. 7a-7c depict the effects of Casson and buoyancy ratio parameters on dimensionless velocity, temperature, and nanoparticle volume fraction. It is observed that an increase in Casson parameter ( ) accelerates the fluid flow (see Fig. 7a ) and reduces both fluid temperature and nanoparticle volume fraction (see Figs. 7b and 7c ). In the true sense, an increase in Casson parameter ( ) resists the fluid flow because it decreases the yield stress of Casson fluid and increases plastic dynamic viscosity. However, this decrease in velocity is overcome by the high amount of temperature being injected into the fluid due to the presence of temperature dependent viscosity and thermal conductivity which in turn accelerate the fluid flow. It is also discovered in Fig. 7a that an increase in buoyancy ratio parameter ( ) leads to a decrease in the velocity of the nanofluid. The buoyancy ratio parameter ( ) represents the relationship between species buoyancy force and thermal buoyancy force. When = 1, the buoyancy forces contribute equally. When > 1, species buoyancy dominates and vice versa for < 1.
Concentration buoyancy disappears when
= 0 and this leads to an increase in Casson nanofluid velocity. This shows that as the buoyancy ratio parameter becomes larger, the dimensionless velocity reduces. Furthermore, increasing buoyancy ratio parameter ( ) enhances both Figs. 8a and 8b . An increase in the value of ( ) is found to increase the velocity profile (see Fig. 8a ). Also, in Fig. 8a , it was observed that the Casson nanofluid velocity increases with an increase in Eckert number ( ). The dimensionless temperature decreases with an increase in radiation parameter ( ) (see Fig. 8b ). It is noted in eqn. (20) that the parameter ( ), denoting the contribution of thermal conduction heat ), is in the numerator. Therefore, an increase in the value of ( ) contributes to a decrease in a radiative mode of heat transfer which in turn reducing the fluid temperature near the wall. It is also discovered that the dimensionless temperature increases with an increase in Eckert number ( ) (see Fig. 8b ). The reason for this is due to the work done by the fluid molecules in converting kinetic energy to heat energy. Fig. 9 shows the effects of Darcy number ( ) and Forchheimer parameter ( ) on dimensionless velocity. It is observed that the fluid velocity increases with an increase in Darcy number ( ). The Darcian drag force in eqn. (19) is inversely proportional to Darcy number ( ). This implies that the Darcian drag force reduces with an increase in Darcy number. Hence, this enhances fluid flow permeability and leads to an increase in Casson nanofluid velocity. It is also noticed in Fig. 9 that the dimensionless velocity decelerates with an increase in Forchheimer parameter ( ). This is due to the presence of an initial effect that is dragging the fluid backward. The effect of magnetic parameter ( ) on dimensionless velocity is shown in Fig. 10 . An increase in the value of magnetic parameter ( ) leads to a reduction of dimensionless velocity. The reason for this is the presence of Lorentz force produced by a magnetic field placed in a transverse direction to the electrically conducting Casson nanofluid.
Figs. 11a and 11b depict the effects of Brownian motion and thermophoretic parameters on dimensionless temperature and nanoparticle volume fraction. It is found in Fig. 11a that the dimensionless temperature increases with an increase in Brownian motion parameter ( ), while the opposite trend is observed for the case of dimensionless nanoparticle volume fraction. This is because thermal energy is generated as a result of an increase in nanofluid particle collision which later boosts the Casson nanofluid temperature. Also, the nanoparticles tend to move away from the plate surface and lead to a decrease in nanoparticle volume fraction (see Fig. 11b ). An increase in thermophoretic parameter ( ) increases the thermophoretic force (the force that the lower temperature nanoparticles exact on higher temperature nanoparticles to move it away from the surface of the sheet) which moves nanoparticles from the region of higher temperature to the region of lower temperature and this results to an increase in nanofluid tempera- ture (see Fig. 11a ) and corresponding nanoparticle volume fraction (see Fig. 11b ). The effect of convective heat transfer parameter on dimensionless velocity and temperature are shown in Figs. 12a and 12b respectively. It is found in Fig. 12a that an increase in convective heat transfer parameter ( ) increases dimensionless velocity as it is seen in the work of Uddin et al. [22] . This is because convective heat transfer parameter ( = (ℎ ) * 1 4
) in eqn. (22) is directly proportional to the heat transfer coefficient (ℎ ) and inversely proportional to the fourth root of the Rayleigh number ( ). An Increase in convective heat transfer parameter ( ) results to thermal convection enhancement at the wall and reduces buoyancy forces which in turn accelerates the fluid flow (see Fig. 12a ) and the corresponding temperature (see Fig. 12b ).
The effects of temperature ratio, Brownian motion, convective heat transfer, thermophoresis, and Casson parameters on the Nusselt number ( ) are shown in Figs. 13 and 14 . It is noted that an increase in convective heat transfer and Casson parameters lead to an increase in Nusselt number, while an increase in Brownian motion, thermophoresis, buoyancy ratio, and temperature ratio parameters reduce it (see Figs. 13 and 14) . Also, Sherwood number ( ℎ ) increases with an increase in Lewis number and convective heat transfer, Brownian motion, Casson parameters, while it is a decreasing function of thermophoresis and buoyancy ratio parameters (see Figs. 15 and 16 ).
Conclusion
In conclusion, this section investigates the combined effects of variable thermal conductivity and viscosity on incompressible, viscous, electrically conducting Casson nanofluid flow over a vertical plate in the presence of a transverse magnetic field, nonlinear thermal radiation, convective heating, and velocity slip. The partial differential equations governing the fluid flow, heat, and nanoparticle concentration were non-dimensionalized and later reduced to ordinary differential equations using similarity transformation. These equations (ordinary differential equations) with corresponding boundary conditions were solved using Galerkin weighted residual method (GWRM). The effects of various controlling parameters on velocity, temperature, nanoparticle volume fraction, Nusselt number and Sherwood number profile were discussed and presented graphically. The main findings of this research problem in this section, are as follows:
• Increasing velocity slip parameter ( ) is found to increase velocity profile and reduce both temperature and nanoparticle volume fraction profiles for constant or variable fluid physical properties (thermal conductivity ( ) and viscosity ( )). It is also found that the velocity profile is increased, while temperature and nanoparticle profiles are decreased as the fluid properties increase. • As the Casson parameter ( ) increases, both the temperature and nanoparticle volume fraction are reduced, while the velocity profile is increased in the presence or absence of buoyancy ratio. Buoyancy ratio parameter ( ) is found to enhance temperature and nanoparticle volume fraction profiles, while it impedes velocity profile. • With increasing Eckert number ( ), both velocity and temperature profiles are increased for a fixed value of conduction-radiation parameter ( ). The velocity is found to increase with an increase in conduction-radiation parameter ( ), while the temperature profile is decreased with increasing conduction-radiation parameter ( ). • An increase in Darcy number ( ) increases the velocity profile for a fixed value of the Forchheimer parameter ( ). The velocity profile is found to be a decreasing function of the Forchheimer parameter ( ). • The velocity profile is reduced as the magnetic parameter ( ) increases. Increasing the convective heating parameter ( ) leads to an increase in both the velocity and temperature profiles. • An increase in the thermophoresis parameter ( ) enhances both temperature and nanoparticle volume fraction profiles for a fixed value of the Brownian motion parameter ( ). An increase in the Brownian motion parameter increases the temperature profile and decreases nanoparticle volume fraction. • Nusselt number profile is increased with increasing convective heating parameter ( ) and Casson parameter ( ), while it is reduced with increasing the Brownian motion parameter ( ), thermophoresis parameter ( ), buoyancy ratio parameter ( ), and temperature ratio parameter ( ). • Sherwood number profile is found to be an increasing function of Lewis number ( ), convective heating parameter ( ), Brownian motion parameter ( ), and Casson parameter ( ), while it is a decreasing function of thermophoresis parameter ( ) and buoyancy ratio parameter ( ).
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